Abstract: This paper deals with constructing more general exact solutions of the coupled Higgs equation by using the (G ′ /G, /G)-expansion and ( /G ′ )-expansion methods. The obtained solutions are expressed by three types of functions: hyperbolic, trigonometric and rational functions with free parameters. It has been shown that the suggested methods are productive and will be used to solve nonlinear partial di erential equations in applied mathematics and engineering. Throughout the paper, all the calculations are made with the aid of the Maple software.
Introduction
Nonlinear evolution equations have a crucial role in various scienti c and engineering elds, such as plasma physics, uid mechanics, optical bers, chemical kinematics, chemical physics, solid state physics, hydrodynamics, nonlinear optics and geochemistry. Obtaining their explicit solutions is quite di cult. So far, with the development of soliton theory, many e cient methods for obtaining these exact solutions have been presented, such as Hirota bilinear tranformation [1] , Darboux and Backlund transform [2] , Weierstrass function method [3] , symmetry method [4, 5] , Painleve analysis method [6] , theta function method [7] , Wronskian technique [8] , homogeneous balance method [9, 10] , F-expansion method [11] , sine-cosine method [12, 13] , exponential function method [14, 15] , inverse scattering method [16, 17] , functional variable method [18] , extended tanh method [19] , modi ed simple equation method [20, 21] , trial equation method [22] , (G ′ /G)-expansion method [23, 24] , sub-equation method [25] , auxiliary equation method [26] and so on. When we nd the exact solutions of nonlinear partial di erential equations by using the (G ′ /G)-expansion method, we obtain the solution in the terms of (G ′ /G).
Here G = G(ξ ) satis es the auxiliary di erential equation G ′′ (ξ ) + λG ′ (ξ ) + µG(ξ ) = , where λ and µ are constants.
The (G ′ /G, /G) -expansion method can be considered as a general case of the (G ′ /G) -expansion method.
In the (G ′ /G, /G)-expansion method we obtain the solutions in the terms of (G ′ /G) and ( /G). Here G = G(ξ ) satis es the auxiliary equation G ′′ (ξ ) + λG(ξ ) = µ, where λ and µ are constants. The degree of this polynomial is determined with homogeneous balance between the nonlinear terms and the highest-order derivatives in the given nonlinear partial di erential equations, while the coe cients of this polynomial can be obtained by solving a set of algebraic equations which results from the process of using the method. The ( /G ′ )-expansion method is a special case of the original (G ′ /G)-expansion method. The fundamental principle of ( /G ′ )-expansion method is that the exact solutions of nonlinear partial di erential equations (PDEs) can be expressed by a polynomial of ( /G ′ ) in which G = G(ξ ) satis es the second-order auxiliary di erential equation 
Description the (G

′ /G, /G) -expansion method
The main steps of the (G ′ /G, /G)-expansion method are [27] :
We suppose the second order linear ordinary di erential equation
and we choose
for simplicity here and throughout this paper. Using Equations (1) and (2), we obtain:
The general solution of Equation (1) is well known to us. Therefore, we have three di erent cases as follows:
Here A ,A are two arbitrary constants. We suppose that the given nonlinear partial di erential equation for u(x, t) is in the form
Here P is a polynomial of u(x, t) and its partial derivatives. We present the main steps of the (G ′ /G, /G)-expansion method as follows:
Step 1 The wave transformation ξ = x + ct,u(x, t) = u(ξ ) reduces Equation (7) to an ODE in the following form:
where ′ represents the derivation with respect to ξ .
Step 2 To obtain an exact solution, a nite expansion like
is proposed, as a (possible solution) of the nonlinear equation under study, where G = G(ξ ) satis es the second order Equation (1), a i (i = , ..., N), b i (i = , ..., N), c, λ and µ are undetermined constants and the positive integer N can be determined by using homogeneous balance between the nonlinear terms and the highest order derivatives appearing in Equation (8) .
Step 3 Substituting Equation (9) into Equation (8) along with Equations (3) and Equations (4)- (6), Equation (8) can be converted into a polynomial in φ and ψ. Equating each coe cent of this polynomial to zero yields a set of nonlinear algebraic equations in a i (i = , ..., N),
Step 4 (9), the exact solutions of Equation (8) can be obtained.
. Application to (G ′ /G, /G) -expansion method
In this subsection we will use the (G ′ /G, /G)-expansion method to get new exact solutions of the coupled Higgs equation
Tajiri obtained N-soliton solutions to the system (10) in [28] . Zhao [29] and Bekir [30] constructed more general travelling wave solutions of Equations (10) . Introducing the variables
Equation (10) is returned to following:
where the prime denotes di erentiation with respect to ξ . Integrating the second equation of Equations (??) and neglecting the integration constant, we nd:
then substituting Equation (13) into the rst equation of the system and integrating we nd
According to homogeneous balance principle, balancing the nonlinear term u with the highest order derivative term u ′′ in Equation (14) we determine:
Consequently from (9) we get
where a , a , b are constants to be determined later. Let us discuss the mentioned three cases:
.
. Trigonometric function solutions
Substituting (16) into Equation (14) along with the Equations (3) and (4) 
where λ ̸ = . Substituting these values into (16) along with Equation (2) and Equation (4) we obtain exact solutions of (10) as follows:
where ξ = x + ct, and σ = A + A .
From (13)
In particular if we set A = , A > and µ = in (18) and (19), then we get periodic solution in the following form:
but if we set A = , A > and µ = then we have periodic solution
. Hyperbolic function solutions
Substituting (16) into Equation (14) along with the Equations (3) and Equation (5), and then setting coe cients of φ i ψ i (i, j = , , , ) to zero yields a set of algebraic equations, which can be solved by Maple to nd following results:
Substituting these values into Equation (16) along with Equation (2) and Equation (5), we obtain exact solutions of (10) as follows
From (13) v(ξ ) = (c + )
where ξ = x + ct, and σ = A − A .
In particular if we set A = , A > and µ = in (23) then we have solitary solution
while we set A = , A > and µ = then we have solitary solution
. Rational function solutions
Substituting (16) into Equation (14) along with (3) and (6) and then setting coe cients of φ i ψ i (i, j = , , , ) to zero yields a set of algebraic equations. Solving this system with the aid of Maple, we get:
Substituting these solutions into Equation (16), along with Equation (2) and Equation (6) we obtain travelling wave solution in the following form:
From (13) 
where ξ = x + ct.
Description the ( /G ′
)-expansion method
Suppose we have the nonlinear partial di erential equation in the form Equation (7). The main steps of the ( /G ′ )-expansion method are explained in detail in paper [31] :
Step 1 The travelling wave transformation ξ = x + ct , u(x, t) = u(ξ ) reduces Equation (7) to an ODE in the form of Equation (8) Step 2 Suppose that the solution of Equation (8) can be expressed by a polynomial as follows:
where N (a positive integer) can be determined by the homogeneous balance between the nonlinear terms and the highest order derivatives appearing in Equation (8) and a i 's are constants to be determined, G(ξ ) is the general solution of the auxiliary di erential equation
in which λ and µ are constants to be determined.
Step 3 Substituting Equation (30) along with (31) into Equation (8) , and then setting each coe cient of ( G ′ (ξ ) ) i , (i = , , ..., N) to zero, we get a set of algebraic equations in a i (i = , , ..., N), λ, µ which can be obtained with the aid of Maple. Finally, by substituting these values into Equation (30) and nding travelling wave solutions of Equation (7). The general solution of (31) is
Here c and c are two arbitrary constants. Then by di erentiating (32) once with respect to ξ , we nd:
Equation (33) can be expressed by hyperbolic functions as follows:
Hereby the veri ed solutions are called soliton solutions.
This method is a reliable and practical method for obtaining exact solutions of nonlinear partial di erential equations. Moreover, it can be applied to most of the nonlinear partial di erential equations in applied mathematics and engineering [32] .
. Application to ( /G ′ )-expansion method
In this subsection we obtain the exact solutions of coupled Higgs equation by using ( G ′ ) method. We nd Equation (14) with wave transformation (11). Therefore we obtain N = , according the homogeneous balance method, the solution can be expressed as follows from (30) 
The following terms can be evaluated from Equation (30):
Substituting (36) into Equation (14) and setting the coecients of ( G ′ ) i (i = , , ) to zero we veri ed the following system of algebraic equations:
(37) Solving the system of equations Equation (37) with the aid of Maple
, a = − (c + )µ,
is veri ed. Substituting these values into Equation ( From Equation (13) v ( .
Note that our solutions can be comparable with the given ones in [30] and also veri ed by (G ′ /G, /G)-expansion method in this study.
Conclusion
In this study, with the aid of Maple software, the (G ′ /G, /G)-expansion method and ( /G ′ )-expansion method has been applied to nd new and more general exact solutions of the coupled Higgs equation. We have shown that the solutions we found are di erent from the solutions in literature. Some solutions are analyzed by assigning special values to the parameters. We have checked the the solutions by putting them back into the original equation. Consequently, an extra measure of con dence in the results is provided. Also, the solutions founded in this paper have many potential applications in mathematical physics and engineering. These methods are productive and e ective for solving nonlinear PDEs. Finally, the proposed methods can be extended to solve many nonlinear problems which arise in soliton theory and other areas in mathematical physics.
